In [1] the author investigated a method of measuring how good the spread of lessons is for a class in a school timetable. The method considered only the maximum number of days between two consecutive lessons. However, it was observed that not all configurations with the same maximum gap are equally good. For example, the configuration for a tenday cycle in Figure 1 (a) would be preferable to that in Figure 1(b) ; the filled circles represent days with a lesson and the unfilled circles days without.
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In [1] the author investigated a method of measuring how good the spread of lessons is for a class in a school timetable. The method considered only the maximum number of days between two consecutive lessons. However, it was observed that not all configurations with the same maximum gap are equally good. For example, the configuration for a tenday cycle in Figure 1 (a) would be preferable to that in Figure 1(b) ; the filled circles represent days with a lesson and the unfilled circles days without.
Here we propose a model that takes into account the overall configuration when measuring how good the spread of lessons is.
o o FIGURE 1(a) FIGURE 1(b) Throughout this account, n will be the number of days in the cycle. Typically n is 5 for a weekly cycle or 10 for a fortnightly cycle. Also m will be the number of lessons taught and we assume that these are single lessons on distinct days.
The first model: charges around a circle
The illustrations in Figure 1 suggest the following model. Represent each lesson by an equal charge fixed at one of the n positions round the circle. Each charge repels all the other charges electrostatically with a force inversely proportional to the square of the distance between them. This gives rise to a potential energy inversely proportional to the distance between the charges, with the usual convention that the potential energy is zero when they are infinitely far apart. It is intuitively obvious (but not easy to prove) that the potential energy will be minimal when the charges are as evenly spaced as possible. This arrangement can only be achieved perfectly when m is a factor of n.
Suppose that the charges around the circle are (c 0 , c\, ... , c"_ i) where each c r is either zero or some fixed non-zero c. Consider the two charges c r and c r + s , as shown in Figure 2 . If the circumference is n then the radius is n/2ji and the angle is 2ns I n, so that the distance between the charges is n . JIS 2 x -sin -. It is easy enough to calculate these potential energies using a spreadsheet. For four lessons per cycle there are 16 genuinely different configurations, with potential energies ranging from 4.948 to 9.014. The rank order produced by these values corresponds closely with what common sense would suggest.
There are however some limitations with this model as it stands. It is not possible to compare potential energies for classes with different numbers of lessons because the total charge is different. This makes it harder to ensure that all subjects are treated fairly.
Moreover, this model makes it hard to compare configurations for a weekly cycle with those for a fortnightly cycle. It was the main goal of [1] to show that a fortnightly cycle tends to produce timetables that are lumpier than a weekly cycle.
Note that any configuration for a weekly cycle can be repeated to give a configuration for a fortnightly cycle. Figure 1 so that the potential energy is -cosec -+ cosec-= 2.138. 5 \ 5 5 If we are to make a fair comparison, the potential energy per unit length should be the same whether we treat the configuration as a weekly one or a fortnightly one. This is not the case here for two reasons. If we treat it as a weekly cycle, we ignore the repulsion between a lesson and its twin a week later. Moreover, our assumption that the distance between two lessons should be taken across the chord of the circle is suspect; it would be more reasonable to take it as the arc length, which is the actual time gap.
The second model: charges in a one-dimensional lattice
By a lattice we mean a repeating pattern of charges, in our case considered along a straight line, as in Figure 3 . The analogy is with chemical lattices where there is a pattern of charge-bearing ions repeated in three dimensions.
As before we write the charges as (c 0 , c b ... , c"_ i), and the potential energy due to the interaction of c r and c r + s is given by
where s > 0 may be larger than n, and the suffices are taken modulo n. It will suffice to consider only positive s for our calculation.
It no longer makes sense to talk about the total potential energy, since this will be infinite if the lattice is infinite in extent. So instead we must consider the potential energy per unit length E u which can be calculated by considering just one cycle as follows. 
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n sTo t Tl nk -s where a s is defined as before. The more sensitive reader will have realised that we have been swapping double sums around recklessly, a procedure that can only be justified when it is shown that the sum is absolutely convergent.
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Now the components of the left hand sum have quadratic denominator and constant numerator with respect to k, so that they are each absolutely convergent by a comparison test. But the right hand sum will be divergent unless c 0 + Cj + ... + c"_ i = 0 (or equivalently OQ + «i + • • • + a"-1 = 0).
In practical terms, this says that if the charges held in the lattice do not balance overall then the potential energy per unit length will be infinite. It is no surprise that in chemical lattices the charges on the ions always balance overall.
So in the lattice model we must represent each day without a lesson as a negative charge rather than zero. In fact there is no reason in the circular model why we should not use negative charges, and there are some advantages to doing so.
In particular, for any configuration we may consider the dual configuration, where there is a lesson where there was a gap before and vice versa. Since this negates every charge c r , every term a s is the same and the potential energy is the same for the dual. As a timetabler one might question whether spreading the gaps acceptably is equivalent to spreading the lessons acceptably, but as a mathematician it is hard to resist this idea.
One consequence of allowing negative charges is that E\ will now be negative most of the time. Indeed for chemical lattices the energy must be negative for them to be stable. This explains why dissolving salt in water leads to a drop in temperature, since it requires an input of energy to destroy the lattice.
Calculating energies using the Digamma function
The Digamma function is defined by V(z) = -l n r ( z ) dz where T (z) is the familiar Gamma function. It is worth pointing out that some authors prefer the definition
For an account of the Digamma function and its uses, see [2, pp. 549-555] . We shall use the fact that
and it will be helpful to abbreviate the right hand side by K(Z). In fact -ip(l) is the well-known Euler-Mascheroni constant, but we shall not need to know that here.
We may now return to our calculation in the case where E x is convergent. These values were obtained from the algebra system Derive. We acknowledge that it was Derive's capability for calculating infinite sums algebraically that first led us to realise that Digamma functions were involved.
As an example, consider the configuration from Figure 1 
Avoiding dependence on charges used
Although by hand it is easier to use integer charges to calculate potential energies, this is an arbitrary decision. If we multiply all the charges by a factor of / then the potential energy is multiplied by f 2 . To remove this effect we need to divide by a quantity whose dimensions are squared charge per unit length; the obvious candidate is In Figure 5 we give the values of E 2 for all possible configurations of 4 lessons in 10 days. We represent them by binary strings where 1 is a day with a lesson and 0 is a day without. 'Number' is the number of rotations and reflections of the given configuration, which all share the same energy. 'Spread' is the maximum gap between successive lessons. 
The mean potential energy
Suppose that lessons are distributed randomly and uniformly, subject only to the constraint that no two lessons are on the same day. Then the weighted mean given in Figure 5 represents the expected value of the potential energy per squared charge. The surprising fact is that this weighted mean is the same for any number m of lessons in the cycle.
Suppose that c$ + c\ + ... + c"_i = 0 and K\, K 2 , ... , K"_I are any constants. For the lattice energy model K S = K(SI n), but this is not needed for the proof. Suppose that n is any permutation of the set {0, ... , n -1}, which gives us a corresponding permutation of the charges. Write and observe that ag = a 0 always. Then the potential energy for the permuted configuration of charges is r\ n -1
So the mean potential energy over all permutations is
n! na 0 ,Ti /To *Tl Since r ^ s + r, as n ranges over all permutations, c^^c^s + r) will cover all pairs c" Cj with i * j equally. Hence
This shows that the mean potential energy is independent of the charges (c 0 , c\, ... , c"_ i). In particular it coincides with the value for m = 1 (or alternatively m = n -1) where there is essentially only one configuration, namely (c 0 , c u ... , c"_,) = (n -1, -1 , -1 , ... , -l ) (a 0 , ai, ... , a"_i) = (n(n -1), -n, -n, ... , -n). We may use this fact to calculate the mean potential energy for the lattice energy model. 
n -1 -2 Inn n -1 ' Not only are these results mathematically nice, but they also allow us to compare subjects with different numbers of lessons fairly. For example, we might decide that any configuration whose energy is at most the mean value is acceptable; in the case of Figure 5 we would refuse to allow configurations from the first seven rows. For most values of m that excludes about half the possible configurations, which is a reasonable constraint to impose on a timetabler.
It is particularly satisfying that the results remain valid when the positive charges are not all equal. The only requirement is that the charges should sum to zero. This enables us to model double periods; simply count them as a double positive charge and ensure that an equal negative charge is divided between the empty days as before.
Recall that, for any weekly configuration, we get the same value for the potential energy per squared charge whether we consider it as a weekly or a fortnightly configuration. This makes it fair to compare the two mean values.
For n = 5 the formula gives E 2 = -0.805, whereas for n = 10 the formula gives E 2 ~ -0.512. It should be borne in mind that these values are the means for a random timetable rather than a skilfully constructed one. But the increase in energy represents a significant deterioration in spread of lessons for classes. This is in line with the conclusions of [1] .
Concluding remarks
It is worth asking whether the model proposed is of any practical value for constructing good timetables. The answer may be no if one is dealing with only a weekly cycle and no double periods. For any given number of lessons, there are at most two different configurations and these can be distinguished by looking at the maximum gap.
But for a fortnightly cycle or one with double periods, there is more merit in the model. Arguably the potential energy calculation is an easier one to program than the algorithm to find the maximum gap. We have used it to analyse an existing timetable and the results were very promising, revealing a few infelicities that had previously been overlooked by the timetabler. We look forward to using the model to avoid these in future.
We remark that the mean potential energy for this timetable, which is based on a ten-day cycle, turned out to be E 2 ~ -0.756. The intellectual efforts of the timetabler produced a result rather better than a random fortnightly timetable, but still less good than a random weekly timetable.
As well as being more elegant mathematically (an argument unlikely to appeal to non-mathematical colleagues), the model does provide more accurate information than merely looking at the largest gap between lessons. Moreover, it is now possible to ensure a fair treatment of subjects with different numbers of lessons and double periods per cycle, which is hard to achieve just by looking at the largest gap.
Our habit is to ignore the extra gap given by weekends, but there is no reason why this could not be taken into account by taking n = 1 and filling the extra days with negative charges (or leaving them as zeros).
The least satisfactory aspect of the model is the use of the nonelementary Digamma functions in the calculations. But it is possible to avoid these using a result of Gauss that for integers 0 < s < n K Q = V(l) -v(l -^ it ns v 1 2nks , . itk = -cot-+ logzn -> cos log sin-. 2 n t _ j n n See [3] for a proof.
Alternatively, one can use the surprising approximation that , . 1 . nz K (z) = sin -1 -z 2 which seems to have a maximum absolute error of less than 0.05 on the interval 0 < z < 1.
We suspect that our method of measuring spread in a cycle could be applied to situations other than that of constructing timetables, but we leave that for the reader to investigate.
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